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Summary: In the general case the exterior potential of a prolate spheroid in an
external homogeneous field depends on the constant vector, n, giving the symmetry
axis, on the constant vector giving the field, on the position vectorr = (x,y,z) in
Cartesian coordinates and on three functions f1, f2, f3 depending on these coordinates
through the functions
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When calculating the exterior magnetic field, gradients of f1, {2, f3 are needed.

These are computed and simplified in this notebook. The simplifications are found by
inspection of the initial form of the derivatives. The functions fi depend on two roots.
Their derivatives contain again these roots multiplied by derivatives of the randicands
which are quadratic polynomials. So one expects that the gradients will consist of such
expressions. This aspect guides the guesses. These are finally checked by symbolic
computation.

This notebook contains only the checks. The trials are in the unpublished notebook
Prolatefq&dfq.nb .

e = ep = excentricity of the prolate spheroid.
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Results of the Calculations

= Input functions
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= Output: The gradients of f1, {2, {3
| rp

All gradients are proportional to the vector rp:
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=  The gradients
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= Only differences of the gradients are needed
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Preliminary definitions
<< VectorAnalysis™
SetCoordinates[Cartesian[x, y, 2]]
Cartesian[x, y, 2]
vr = {x,y, 2}

{x, vy, 2}

vn = {nx, ny, nz}
{nx, ny, nz}

vnr = vn.vr
NXX+Nyy+Nnzz

r2 = vr.vr

X2+y2+22

vhO = {HOx, HOy, HOz}

{HOx, HOy, HOz}

wp = Sqrt[(1 + r2/e2) "2 - 4 (vr.vn) “2/ e2]
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up = Sqrt[l +r2/e2 + wp]
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= Numeric values for tests

vnn = {1/'\/2_, 1/'\/3_, 1/'\/?};

van.vnn

1

tev = {x » 1.1, vy » 1.7, 2z » 2.3, e » 1.73, Thread[ vn - vnn]} // Flatten

1 1 1
{x%l.l, y-1.7,2-2.3,e-1.73, nx > —, ny-> —, Nz - —}

Va2 V3 Ve

fql, Vi1

fql = ArcCoth[up/ \/?]

e

ArcCoth [ ]
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s dfql = Vi1
dfql = Grad[fql];

After some manipulations one finds:

up
dffql = - rp

.
’

(— 2+ upz) wp
dfql - dffql ;
Simplify[%]

{0, 0, 0}
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fq2, vVi2

fq2 = Sqrt[2] up/ (up”2 - 2)
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dfg2 = Grad[fq2];
2
up 2 + up
dffq2 = - P — ———————;
WP (up? - 2)
dfq2 - dffq2 ;
Simplify[%]

{0, 0, 0}

fq3, Viq3
fq3 = Sqrt[2] / up
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dfq3 = Grad[fq3] ;

dffq3 = - rp ——

dffq3 - dfq3 ;
Simplify[%]

{0, 0, 0}

vfql - viq2, vfql - viq3

The differences of the gradients are best computed by working with the rp, up, wp.
For that reason all the symbols defined up to now are cleared.

Clear["Global x"]
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V 2 up
dffql = - rp
e? wp (up? - 2)

\/?rp up
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V2 1
dffgq3 = - rp
*  upwp
V2 rp
e? up wp

dffql - dffq2 // FullSimplify

42 rpup

e? (-2 +up2)2wp

dffql - dffq3 // FullSimplify // Factor

2V2 rp

e’ up (-2 +up?) wp




