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Tokamak: self-consistent neoclassical transport coefficients W

e mono-energetic drift kinetic eq. in conservative form (p = v /v)

B FE x B 0 v O of
VvV — CP =V (= S —pf — — — (1 — p?) —
(F) = C"(f) =¥ (S5 pv + 5 )f+appf 250 1= P) 5
with incompressible form of the E X B drift and with
B.-VB
S — (1 — ) DV

e define flux surface average, ( A), and averaged moment, [ A |:

1

(A) = A%-(/%)_l and [A]:/(A)dp.

(w-2f)=(F5") and (L (ExB)f)=(E-(BX VB)f)

e for tokamaks: By =rteBy (¢ =r/R and unit vector e,)



Tokamak: self-consistent neoclassical transport coefficients (2) W

B-VB=—te(BxVB)-e,

= coupling of radial flux, < (B x VB) : ¢e,, and of friction, x B - VB
2

1
[PV (f) = pC?(f) | = — =0 [ -2 (B x VB) e, f | +v [pf]
+ 2 [(BxVB)-Epf]
BO
1 2
'f':’UVBlr :(:r; 2212) ’Uz(EXZB)r

e “mixed” E X B-term, x [sin @ pf], not related to “simple” moments

= self-consistent treatment only for E, ~ 0
= flux-friction relation (b = B/By)
v | pV(f) —pCP(f)| = —tewa b7 f| +vov [pf].

this feature is not present in configurations with lack of symmetry



Tokamak: self-consistent neoclassical transport coefficients (3) W

e DKE for radial transport and bootstrap current (X = X tv/R)

. . 1+ p?20b~2dln fir
VvV N _ CP(f*) = —p*
(7)) = ) = =P 1~ 36 “dinr

and for ohmic current and Ware pinch

*

~ ~ u
V(gi) - €"(gD) = " p

fr=Ffi/fm, g5 =g1/fm, v* =vR/ev (collisionality),
p* = v/rwe (“gyroradius”), u* = (qR/TB)E - B (“loop voltage”)

= averaged moment equations

—TI41(1—oq1)+v"T5 =0
i} 2 u*
—T3(1 —ous) + v 33 = —— —
3 ¢
with T'y; = [7*f}], T's1 = [pf;], T1s = [7*¢}], and I's3 = [p g]]

corrections O(e):  auy = [(b—1) #*£¥]/[#* F}], cus = [(b—1) 7*g¥]/[7*g}]



Tokamak: self-consistent neoclassical transport coefficients (4) W

e estimate PS-contributions in I'\; and I's3:  ansatz f; = ¢o + poq

* 1
¢1:%r(fM)'(1—§)b

8 p*r*dl 1
"% (1 — apn) = v*[p’el] = - P T <(1 - ﬁ) b>

3 t¢ dlnr
e “standard model” of an elongated tokamak: b = (1 + ke cos0)~!

(reduction of the toroidal curvature, kK = —byg/€)
1

Sctv*

(u®)

e climinate PS-contributions and “thermodynamic forces”

1
(1 — b_z) b) = 9 Ke?; [P = —

e use Onsager symmetry, f)lg = —ﬁgl

= system of diffusion coefficients:
(ﬁll — bﬁs) (1 — 0411) — I/* ﬁgl =0
D3 (1 — au3) + v* (D3 — D?I,J?,S) =0



Tokamak: self-consistent neoclassical transport coefficients (5) W

DKES database of elongated tokamak configurations:

3 mono-energetic transport coefficients calculated by DKES code
extended “standard model”: b = teey+ (14 ke cosO) ‘e,

configuration database in the ranges:
0.26 << 1.04, 0.0125<e<0.4,and 0.25 < kK < 1.0

up to 35 v /v values (10~°% < v/v < 10°) in 24 configurations

up to 250 Fourier modes and 1000 Legendre polynomials at low v /v
(at very low v /v, the accuracy strongly decreases)

for the PS-contributions, 44 configurations are used (at v/v = 10°)

test functions for the non-linear fitting are constructed mainly by
“trial and error” (with complete co-variance analysis)

dependence on B and on R is known
(iie. B=1T and R =1 m is used for the database)



Tokamak: self-consistent neoclassical transport coefficients (6) W

Fit results for PS-regime:

e D;; in DKES notation and can be normalized by:
D7, = w/(8¢) (analytic plateau value for kK = 1)
D7} = 0.9733/(¢+/e) (collisionless asymptote for Kk =1 and € — 0)
D7, = 2v/3v (collisional limit)

e for PS-contributions, best-fits are obtained by

1 4
D75 = — — (1 4 3.42¢7°(1 — 2.58t"°%) — 0.66%(1 — k%))
_ 2v

3 (1 — 1.18(ke)"** 4 0.68¢%*”)
1 4

e average deviation: 0.7% for D;;F° and 0.1% for Ds3"°



Tokamak: self-consistent neoclassical transport coefficients (7) W

Independent fit of Dj3; to the collisionless asymptote (v* — 0):
e no influence of “inaccurate” test functions from other v*-regimes
e for kK =1 and € — 0, the analytic D7, is confirmed

e the extension for k # 1 and finite &:

b ko 2\ 1.03 vy -1
D}, = 0.9733, [ (1 — 0.67(xe)?) (1+%2/3H/3 \ﬁ)

e decreased accuracy of finite e-correction

(benchmarking with NEO: small deviation)

e complete disagreement with § f-MC result [Boozer, Sasinowski]

(poor accuracy of § f-MC at very low v*)



Tokamak: self-consistent neoclassical transport coefficients (8) W

Fit results for all D;; for general v /v:

e all 3 diffusion coefficients are fitted simultanously
e with the Dgl and D?ﬁs , the D3, is represented by
—1.75 1 —1.75 —1.75\ —1/1.75
Ds, = (Dgl + D3 T D?ﬁs )

K2e vt P K2e /ve\ 2
==~ and Df=0.068" (-
t \v

with DE = 0.39

t v

e D, and D33 from system of transport coefficients:
Ps 1 v
D1 = D17 ” + — D3;—
« "3

PS
D33 = Dss — D31;

with a = te(1 — 0.97(ke)"")

e average deviation of this fit to the DKES data is 1.9%

(deviation for Djs; is higher, in particular for large ¢)



Fitting of neoclassical transport coefficients W

non-linear fitting of a database with 24 elongated tokamak configurations (DKES code)

extended “standard” model: B/By = te ey + (1 + K € cos 9)_1§‘p

radial transport, D7, bootstrap cur., D3, electric cond., D3,

D33 * (v/V)

T T T T T T T
10-® .001 1 1000

v/v

example: e=r/R=0.1, t=0.52, k=1



Bootstrap current coefficient at very low v* W

example:

asymptotic value for small
e=r/Rand v* — 0:

09733 [k
Pa=— V¢

D3, 1+ ag

13

0.1

a e —
D NI
0.01 4 31 14+ a1Vvv
= D3 /Dg}
= 1— D3 /DJj}

fit ag and a; in database




Neoclassical transport coefficients depending on B models W

B B 1 B 1
— =1—=¢ecos0 — — =
B, By 1+ecos@ By /14 2ecos8 + 42 cos 20

fit curve: extended “standard”’ model

: * * : *

radial transport, D7, bootstrap cur., D3, electric cond., D3,
~ *
— N g)
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forall B modelss e=7r/R=0.1, +=0.31, k=1



PS-regime: neoclassical transport coefficients with E;. W

simplified DKE: neglect mirror term (p 3 f1/0p)

(p+e )—1———( 1—p )—f1 = a* (1 +p°) sinf r
2 Op dr
with €& = E, /tvBye, v* = vR/tv, a* = kv /2tw., € = r/Rand Kk = —byg/e
ansatz: .fl/.fM = (QOO PO —+ @1 P1 —+ P2 P2 —+ ...) . eie . dln(fM)/d ln('r)
0 1 1
in lowest order: i€, o + 3 P = 3 o (€ + V™) 1 + 3 wo =0
relevant for particle transport: ()
4 Kv? v*
D = - (8

3w.R (1— 3e?)?+ (3vrer)?



Tokamak: neoclassical transport coeff. in PS-regime with E W

tokamak configuration (example): e=r/R=0.1, t=0.52, k=1

radial transport, D7,
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WT7-AS: neoclassical transport coeff. in PS-regime with Ej. W

W7-AS: t~0.34atr =0.5-a superposition of main b,,,,, contributions

radial transport, D7,
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Plateau-regime: neoclassical transport coefficients with W

simplified DKE: neglect mirror term (p 0 f;/0p) and use Krook's collision term

0 d
(p + 6:)3—1;1 —vifi=a" (1 —|—p2) sin@ r ;M
with €& = E, /tvBe, v* = vR/tv, a* = kv /2tw., € = r/Rand Kk = —byg/e

ansatz:  f1/fm = (p° + p°sin@ + p°cos 0) - dIn(far)/dIn(r)

, , (1 _I_ p2) V*

= a e 1T P)P+eE)
(p+€7)* + v+

T et

and

= mono-energetic particle transport coefficient

1 1
Kv? Kv? (1+ p?)?
1 2 S dp = * %
i [+ e dp o v
Z1

dp

D = 2 2
2Rw, (p+e€)?+ v+
—1



Plateau-regime: neoclassical transport coefficients with E;. (2) W

mirror term (P O f1/Op) essential for bootstrap current coefficient

0 KE , O v* 0 0
o * s T ol 00— (1 — 2 s _ (1 — 2y — .0 —0

with (p®-component independent of 8:  (°) x p
left term corresponds to the (¢ contribution and is negligible (¢¢ o< v* for v* K 1)

=> mono-energetic bootstrap current coefficient

1 1
1 (1+p%)(1 —p?)
D31=/p(cp°) dp=—-cra” d
4 *) 2 * 2
J Jo(pte)t+v

in plateau-regime: D37 # for v* <1 and D33 independent of FE,



Tokamak: neoclassical transport coefficients with Ej.

tokamak configuration (example): e=r/R=0.1, t=0.52, k=1
. * *
radial transport, D7, bootstrap current, D3,
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LHD-375: neoclassical transport coefficients with FEj W

LHD: R =3."omatr =0.5-a superposition of b1g and by; contributions

. * *
radial transport, D7, bootstrap current, D3,
10: il Lol L] i
oo S
| == 5;"':
0.1+
e
0.01
001
1074

.001




WT7X-scl: neoclassical transport coefficients with E, W

W7-X "standard” at » = 0.5 - a: superposition of b1g and by; contributions
radial transport, D7, bootstrap current, Dy,
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