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Phase-fluctuation-induced reduction of the kinetic energy at the superconducting transition
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Recent reflectivity measurements indicated a possibleviolation of the in-plane optical integral in the under-
doped high-Tc compound Bi2Sr2CaCu2O81d up to frequencies much higher than expected by the standard
BCS theory. The sum rule violation may be related to a loss of in-plane kinetic energy at the superconducting
transition. Here, we show that a model based on phase fluctuations of the superconducting order parameter
introduces a change of the in-plane kinetic energy atTc . The change is due to a transition from a phase-
incoherent Cooper-pair motion in the pseudogap regime aboveTc to a phase-coherent motion atTc .
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I. INTRODUCTION

The key idea of the phase-fluctuation scenario in the hi
Tc superconductors~HTSC! is the notion that the pseudoga
observed in a wide variety of experiments, arises from ph
fluctuations of the superconducting gap.1–7 In this scenario,
below a mean-field temperature scaleTc

MF , a
dx22y2-wave-gap amplitude is assumed to develop. Howe
the superconducting transition is suppressed to a cons
ably lower transition temperatureTc by phase fluctuations.1,7

In the intermediate temperature regime betweenTc
MF and

Tc , phase fluctuations of the superconducting order par
eter give rise to the pseudogap phenomena. Recently
have shown that indeed, a two-dimensional~2D! BCS-like
Hamiltonian with adx22y2-wave gap and phase fluctuation
which were treated by a Monte Carlo simulation of anXY
model, yields results that compare very well with scannin
tunneling measurements over a wide temperature rang7,8

Thus, they support the phase-fluctuation scenario for
pseudogap.

There is also increasing evidence from a number of rec
experiments for the relevance of phase fluctuations, suc
the measurements by Corsonet al.,9 of the high-frequency
conductivity, which track the phase correlation time.XY vor-
tices are probably responsible for the large Nernst effect.10,11

The evolution ofTc with electron irradiation, found very
recently,12 also emphasizes the importance of phase fluc
tions. In this paper, we argue that phase fluctuations sh
have yet another, rather unexpected, consequence:
should induce a reduction of the kinetic energy at the sup
conducting transition. This reduction is due to a transit
from a ‘‘disordered,’’ i.e., phase-incoherent Cooper-pair m
tion in the pseudogap regime aboveTc to an ‘‘ordered,’’ i.e.,
phase-coherent motion atTc . Comparison of our results
based on the BCS phase-fluctuation model, with opt
experiments13,14 support this idea.

In ordinary BCS superconductors the optical conductiv
is suppressed at frequencies within a range of about twice
superconducting gap. The corresponding low-freque
spectral weightWlow is transfered to the zero-frequency de
peakWD ,15 associated with the dissipationless transport~and
the superfluid weightD) in the superconducting state. This
0163-1829/2003/68~1!/014505~5!/$20.00 68 0145
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the Glover-Ferrell-Tinkham~GFT! sum rule. On the other
hand, thetotal frequency integral of the optical conductivit
is conserved when decreasing the temperature across
superconducting transition, due to thef-sum rule,15 i.e.,
Wtot

sc 5Wtot
n .

However, recent measurements of the in-plane opt
conductivity13,14 have indicated a violation of the GFT opt
cal sum rule for frequencies up to 2 eV in underdop
Bi2Sr2CaCu2O81d . By entering the superconducting stat
not only spectral weightWlow from the microwave and far
infrared, but also from the visible optical spectrum, i.
high-frequency spectral weightWhigh contributes to the su-
perfluid condensateWD . That is, in contrast to ordinary BCS
superconductors, a ‘‘color change’’ is introduced at the
perconducting transition. The interpretation of this unus
result may require the inclusion of local-field effects a
other~such as excitonic! many-body effects. They are know
to play a crucial role already in weakly correlated syste
~such as semiconductors! and introduce a shift of order of th
Coulomb correlation energy between single-particle and tw
particle, i.e., optical excitations.16 Therefore, they may partly
account for the ‘‘high-energy’’ features observed ins(v).
On the other hand, within a tight-binding one-band mod
the anomalously large energy scale, which contributes to
superfluid weight, and the corresponding color change ca
attributed to a reduction of kinetic energy17 at the supercon-
ducting transition. This is rather surprising, since one wo
expect that in a conventional~BCS! pairing process, it is the
potential energy which is reduced at the expense of the
netic energy, with the latter being increased due to partic
hole mixing.

The full optical integral, when integrated over all freque
cies andenergy bands, is proportional to carrier density~n!
over bare mass~m!

Wtot[Wlow1WD1Whigh5E
0

`

Resxx~v!dv5
ne2

2m
~1!

and, thus, is conserved. When the optical integral is restric
over a finite ~low! range of frequenciesV, in the HTSC
typically of the order of eV, one may consider the weig
Wlow1WD as being essentially due to a single band arou
the Fermi energy, i.e.,
©2003 The American Physical Society05-1
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Wlow1WD5E
0

`

Res̃xx~v!dv5~pe2a2/2\2V!EK , ~2!

where s̃ is the single-band conductivity,a the lattice con-
stant, andV the unit-cell volume. With this single-band a
sumption, the frequency integral of the optical conductiv
is proportional to the inverse mass tensor (]2ek /]kx

2 , x̂ be-
ing the direction in which the conductivity is measure!
weighted with the momentum distributionnk ,18,19

EK5~2/a2N!(
k

]2ek

]kx
2

nk , ~3!

with N being the number ofk points. This quantity depend
upon the bare single-particle band structureek being propor-
tional to minus the kinetic energyEK52Ekin for a ~nearest-
neighbor! tight-binding~TB! model, while for free electrons
it is a constant given by the electron density divided by
effective mass.

II. PHASE-FLUCTUATION SCENARIO FOR KINETIC-
ENERGY REDUCTION

In this paper, we propose phase fluctuations as a me
nism for a kinetic-energy reduction. That is, in order to ha
condensation into the superconducting state one need
addition to the binding of charge carriers into Cooper pa
long-range phase coherence among the pairs. Since s
conductors with low superconducting carrier density~such as
the organic and underdoped high-Tc superconductors! are
characterized by a relatively small phasestiffness, this im-
plies a significantly larger role for phase fluctuations than
conventional superconductors.1,20,21 As a consequence, in
these materials the transition to the superconducting s
does not display a typical mean-field~BCS! behavior, and
phase fluctuations, both classical and quantum, may ha
significant influence on low-temperature properties. Wh
coherence is lost due to thermal fluctuations of the phas
and above the transition temperatureTc , pairing remains,
together with short-range phase correlations. These p
fluctuations can cause the pseudogap phenomena obse
e.g., in tunneling experiments7,8,22,23 in the underdoped
HTSC.

We show here that, indeed, phase fluctuations contrib
to a significant reduction of the in-plane kinetic energy up
entering into the superconducting phase belowTc , with a
magnitude comparable to recent experimental results.
physical reason for this kinetic-energy lowering is that due
phase fluctuations and the associated incoherent motio
Cooper pairs~cf. Fig. 1!, the pseudogap region has a high
kinetic energy than the simple BCS mean-field state. W
long-ranged phase coherence finally develops atTc , the
Cooper-pair motion becomes phasecoherentand the kinetic
energy decreases. The onset of the coherent motion ca
seen, for example, from the development of coherence p
in the tunneling spectrum of BiSrCaCuO compounds~see,
e.g. Refs. 7,8 and Fig. 3!. The initial costof kinetic energy,
which is needed for pairing, is paid at a mean-field tempe
tureTc

MF considerably higher thanTc . Therefore, the reduc
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tion of kinetic energy observed experimentally13,14 can be
attributed to a transition from a phase-disordered pseudo
to a phase-ordered superconducting state. We stress tha
effect is independent of the particular mechanism leading
pair formation, as long as the superconductor considere
characterized by a small phase stiffness.24

Our starting Hamiltonian is of a simple BCS form give
by

H5K2
1

4 (
id

~D id^D id
† &1D id

† ^D id&!, ~4!

with the nearest-neighbor hopping term

K52t (
^ i j &,s

~ci s
† cj s1cj s

† ci s!, ~5!

whereci s
† creates an electron of spins on thei th site andt

denotes an effective nearest-neighbor hopping. The^ i j & sum
is over nearest-neighbor sites of a 2D square lattice and
the pairing term,d connectsi to its nearest-neighbor sites
The locald-wave gap

^D i d
† &5

1

A2
^ci ↑

† ci 1d ↓
† 2ci ↓

† ci 1d ↑
† &5D ei F id ~6!

is characterized by thefluctuatingphases

F id5H ~w i1w i 1d!/2 for d in x-direction

~w i1w i 1d!/21p for d in y-direction
~7!

and by a spatially constant amplitudeD. We neglect the rela-
tive bond phase fluctuations betweend5 x̂ and ŷ as well as
amplitude fluctuations. Thus, we consider onlycenter-of-
masspair phase fluctuations, which are the relevant lo
energy degrees of freedom, in a situation in which the sup
fluid density is small, like in the underdoped cuprates. In o
2D model Tc corresponds to the Kosterlitz-Thouless~KT!
transition temperatureTKT , where the phase correlatio
lengthj diverges.

With this Hamiltonian it is straightforward to show tha
the optical-sum rule yields,19,25,26

E
0

`

Res̃xx~v!dv52e2p^kx&/2 ~8!

in units where\5c51, with ^kx& being the expectation
value of the nearest-neighbor hopping27 in the x-direction,
i.e.,

^kx&52t(
s

^ci s
† ci 1x s1ci 1x s

† ci s&. ~9!

Since we are only interested in the temperature regioT
*Tc , one can safely assume that the fluctuations of
phasew i are predominantly determined by a classicalXY
free energy,1,20

F@w i #52J(̂
i j &

cos~w i2w j !. ~10!
5-2
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Our physical picture here is that theXY action arises from
integrating out the shorter wavelength fermion degrees
freedom, including those responsible for the formation of
local pair amplitude and internaldx22y2 structure of the pair.
Thus, thescaleof the XY-lattice spacing is actually set b
the pair coherence lengthj0. In our work, we have chosenD
so thatj0;vF /pD;1. In this case, the calculation of th
phase configurationsw i can be carried out on the sam
L3L (L532) lattice that is used for the diagonalization
the Hamiltonian. This allows the Kosterlitz-Thouless pha
correlation lengthj to grow over a sufficient range asT
approachesTKT and minimizes finite-size effects. Thus, w
are always in the limit where the phase correlation lengthj is
larger than the Cooper-pair sizej0, when the temperatureT
is below the mean-field critical temperatureTc

MF .
In principle, the coupling energyJ can also be considere

as arising from integrating out the high-energy degrees
freedom of the underlying microscopic system. Here, we w
proceed phenomenologically, neglecting the temperature
pendence ofJ and simply use it to set the Kosterlitz
Thouless transition temperatureTKT equal to some fraction
of Tc

MF . Specifically, for the present calculations we will s
TKT. 1

4 Tc
MF . This choice is motivated by the rece

scanning-tunneling results in Bi2Sr2CuO61d , where Tc
.10K and the pseudogap regime extends to about 50
which we take asTc

MF .
In a previous paper7 we have presented a detailed nume

cal solution of the 2D BCS-like Hamiltonian of Eq.~4! with
a d-wave gap and phase fluctuations. This is a minim
model but, nevertheless, contains the key ideas of the cup
phase-fluctuation scenario: that is, ad-wave BCS gap ampli-
tude forms below a mean-field temperatureTc

MF , but phase
fluctuations suppress the actual transition to a consider
lower temperatureTc . In the intermediate temperature r
gime betweenTc

MF andTc , the phase fluctuations of the ga
give rise to pseudogap phenomena. Comparison of thes
sults with recent scanning-tunneling spectra of Bi-ba
high-Tc cuprates supports the idea that the pseudogap be
ior observed in these experiments can be understood as
ing from phase fluctuations.7

In the present calculations, where we assume a BCS t
perature dependence of the pairing gapD(T), we have,
therefore, setD(T50)51.0t corresponding toTc

MF.0.42t
and selectedJ so thatTKT50.1t.28 The conditionj.j0 is
thus always fulfilled if we are not too close toTc

MF . The
calculation of the kinetic energy for aL3L (L532) periodic
lattice now proceeds as follows29,30: a set of phases$w i% is
generated by a Monte Carlo importance sampling proced
in which the probability of a given configuration is propo
tional to exp(2F@wi#/T) with F given by Eq.~10!. With $w i%
given, the Hamiltonian of Eq.~4! is diagonalized and the
kinetic energyEkin(T,$w i%)5^kx&$w i %

is extracted. Further

Monte Carlo$w i% configurations are generated and an av
age kinetic energyEkin(T)5^kx&, at a given temperature, i
determined.

Figure 1 displays the kinetic energy^kx& as a function of
temperature for noninteracting tight-binding electrons,
BCS electrons, and for our phase-fluctuation model. We
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clearly see that pairing, as expected, produces an overa
crease of kinetic energy~indicated as vertical arrows! with
respect to the free-electron case. We observe that in
phase-fluctuation model the kinetic energy is further
creased~small vertical arrows! due to the incoherent motion
of the paired electrons. The kinetic energy is a smoot
decreasing function of temperature forT→0. This is ex-
pected from the fact that at high temperature, more electr
are transferred to higher kinetic energies, and is in agreem
with the experimental results.13,14 What we are especially
interested in is the rather pronounced change~magnified in
Fig. 2 by using a different scale for the kinetic energy! near
Tc[TKT , where the kinetic energy of our phase-fluctuati
model rather suddenly reduces to the BCS value. This s
den deviation from theT*Tc behavior is also obtained in
experiments, which show a kink in the temperature dep
dence of the low-frequency spectral weightWlow1WD
at Tc .13

FIG. 1. Kinetic energy per bond,^kx&, as a function of tempera
ture for the noninteracting tight-binding electrons~TB!, the BCS
solution ~BCS!, and our phase-fluctuation~PP! model for m50
(^n&51). The large vertical arrows indicate the increase in kine
energy upon pairing, relative to the free tight-binding model, a
the small arrows indicate the additional increase due to phase
tuations. This additionalphase-fluctuation energyrapidly vanishes
nearTc[TKT , which causes the significant change in the opti
integral upon entering the superconducting state atTKT50.1t. Note
that the thick line follows the actual kinetic energy encountered
our model, when going from the pseudogap to the superconduc
regime.

FIG. 2. Kinetic-energy contribution from phase fluctuatio
d^kx&5^kx&PP2^kx&BCS. One can clearly see the sharp decrease
the kinetic energy near the Kosterlitz-Thouless transition atT
50.1t[Tc . DEk gives an estimate of the kinetic condensati
energy.
5-3
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This pronounced change of in-plane kinetic energy can
better observed in Fig. 2, where we plot the difference
tween the BCS kinetic energy and the kinetic anergy of
phase-fluctuation model,d^kx&5^kx&PP2^kx&BCS. As dis-
cussed above, this reduction is due to the onset of ph
coherence of the Cooper pairs below the superconduc
transition temperatureTc[TKT . This is signaled by the ap
pearance of sharp coherence peaks in the single-par
spectral function upon developing long-range pha
coherence.7 The corresponding result for the density
states,N(v), displaying these coherence peaks is shown
Fig. 3.

Notice that this argument for the reduction of kinetic e
ergy atTc due to a phase ordering transition is quite robu
For example, we expect it to be valid~and actually stronger!
in a true three-dimensional system. As a matter of fact, it
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been argued1,20 that even small interplane couplings play a
important role due to the infinite-order nature of the the K
transition.

In order to get a rough estimate of the kinetic conden
tion energy, we calculate the reduction in kinetic energy n
Tc , i.e.,

DEk52
2

e2p
E

0

`

@Res̃xx
sc~v!2Res̃xx

n ~v!#dv, ~11!

as indicated by the energy changeDEk in Fig. 2. Assuming
that t.250 meV, we get a condensation energy estimate
1.5 meV per Copper site, which is in order of magnitu
agreement with the experimental results~again assuming a
one-band TB analysis!.

Up to now, to refrain from further approximations, w
have set the chemical potentialm equal to zero and have onl
considered nearest-neighbor hopping. We have checked
some extent, how robust these results are, with respec
finite doping (̂ n&'0.9) and the inclusion of a next-neare
neighbor-hopping termt8 in our Hamiltonian Eq. 4. Notice
that in this caseEk is no longer proportional to the kineti
energy. Fort8&0.3t, our results for the sum rule violation
are reduced only by about 20% –30%.

III. SUMMARY

In conclusion, we have shown that the recently obser
violation of the low-frequency optical-sum rule in the supe
conducting state, associated with a reduction of kinetic
ergy, can be related to the role of phase fluctuations.
decrease in kinetic energy is due to the sharpening of
quasiparticle peaks close to the superconducting transitio
Tc[TKT , where the phase correlation lengthj diverges. We
suggest that this sum rule violation should also appea
other superconductors with low charge carrier density~phase
stiffness! such as the organic superconductors.
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